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The scattering problem for the Klein-Gordon equation with cubic convolution non- 
linearity is considered. Based on the Strichartz estimates for the inhomogeneous Klein- 
Gordon equation, we prove the existence of the scattering operator, which improves 
the known results in some sense. 
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1 Introduction 

This paper is concerned with the scattering problem for the nonlinear Klein-Gordon equa- 
tion of the form 

V£) ! ( d%u- Au + u = F y (u) (t, x) E R x R n 



> 

o 

■^j- ■ tion of the form 

I 0$U — i\U-\- U = f y [U) {t,X)EKXK'° ! j 

\ u\ t =o = f(x), d t u\ t=0 = g(x) 

where u is a real-valued or a complex-valued unknown function of (t, x) £ R x R n . The 
nonlinearity is a cubic convolution term Fy(u) = — (Vy(x) * \u\ 2 )u with |V^(cc)| < C|x|~ 7 . 
Here, < 7 < n and * denotes the convolution in the space variables. The term F^(u) 
is an approximative expression of the nonlocal interaction of specific elementary particles. 
^ ' The equation (jl.ip was studied by Menzala and Strauss in [I]. 

In order to define the scattering operator for (jl.lj) . we first give some Banach spaces. 
The usual Lebesgue space is given by LP = {eft G S' : ||<^||lp < +o°} 5 where the norm 
\\4>\\lp = {f R n |(/>(x)|dx} 1/,p if 1 < p < +00 and \\4>\\l°° = snp xeRn \4>(x)\ if p = +00. The 

8 k 

weighted Sobolev space Hp is defined by 

H^ k = {</>£ S" : ||0||^ = ||(x) fe (iV)^|| LP < +00}, 

with (x) = Vl + x 2 and (»V) = VI = A. We also write H^' k = H^ k and H p = #f '° if it 

l,k t„+ vP> k 



p 



does not cause a confusion. A Hilbert space X^ k is denoted by H^ k H^ k . Let X 
be a ball of a radius p > with a center in the origin in the space X@ ,k . The scattering 
operator of (jl.ip is defined as the mapping S : Xp' k 3 (/_,<?_) — > (/+,<?+) € X 13 ' if the 
following condition holds: 
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For (/_,<?_) G Xp ,k , there uniquely exists a time-global solution u G C(R;H 13 ) of hl.l\) , 
and data {f+,g+) G -X^' swc/i t/iai approaches u±(t) in H 13 as t — > ±oo ; where u±(t) 
are solutions of linear Klein- Gordon equations whose initial data are (f±,g±), respectively. 

We say that (S, X@ ,k ) is well-defined if we can define the scattering operator S : 
X^ k -> X 13 ' for some p > 0. In [2j, Mochizuki prove that if n > 3, /3 > 1, 7 < n and 
2 < 7 < 2/3 + 2, then (S",^' ) is well-defined. Hidano [3] see that if n > 2, /3 > 1, 
4/3 < 7 < 2 and fc > 1/3, then (S,X^ k ) is well-defined. By using the Strichartz estimate 
for pre-admissible pair and the complex interpolation method for the weighted Sobolev 
space, Hidano [I] shows that (S,X^' k ) is well-defined if n > 2, (3 > 1, 4/3 < 7 < 2 and 
k > (2 — 7)/2. Our aim of this article is to show that (S, X^ 3,1 ) is well-defined if n > 2, 

t < 7 < mm{ ^. fe±acz±a + 1 < , < Mfz±a , (1 . 2) 

n + 2 ra + 2 4n 2 2n 

More precisely, we prove the following theorem. 
Theorem 1.1 Let the function V~(x) satisfy 

\V 7 (x)\ < C\x\-~<, \VVy(x)\ < C\x\-( 1+ i\ 

Assume that n > 2, 7 and (3 satisfy hi. Sty . Then there exists a positive number 8q > 
satisfying the following properties: 

(1) . For(f,g) G X 13,1 with ||(/, 5) || < ^o, there uniquely exist finial states {f±,g±) G 
X^ 3 ' and a solution u(t) G C(R;H /3 ) of lil.l]) such that u(t) approaches u±(t) in X^' as 
t — > ±00, where u±(t) are solutions of the linear Klein-Gordon equation with initial data 
(f±,g±), respectively. Moreover, as ±i large enough we have 

\\(u(t),d t u(t)) - (u ± (t),d t u±(t))\\ x p, < C(t)- S 

with S = jg§ - 2 > 0. 

(2) . For G X 13 ' 1 with \\(f-, g^Wxt 3 - 1 ^ $Q> there uniquely exists a finial state 
{f+,g+) G Xi 3 ' and a solution u{t) G C{R;HP) of hl.l\) such that u(t) approaches u±(t) 
in X^ 3 ' as f -> ±00, where u±(t) are solutions of the linear Klein- Gordon equation with 
initial data (f±,g±), respectively. Moreover, as ±t large enough we have 

\\(u(t),d t u(t)) - (u ± (t),d tU± (t))\\ x e, < C(t)- 5 

with 5 = g§ - 2 > 0. 

In this article we denote by J £ = (iV)x + ietV , L e = idt — e{iV) and P = iV + xdt 
with e G {+, — }. For a given Banach space with norm || • || and a vector v = (v + ,v~), 
denote by 

IMI = \\ v+ \\ + ll 17 "!!) \\P v \\ = ll-f^ll + ll-f^^lli 

\\Jv\\ = \\J+v + \\ + ||J_f~||, \\Lv\\ = \\L + v + \\ + ||L_f~||. 
We also denote by the space-time norm 



\Ll(I,Ll) = \\\mi)\\Ll(R")\\Ll(I), 

where I is a bounded or unbounded time interval, and denote different positive constants 
by the same letter C. 

The rest of the article is organized as follows. In Section 2 we give some preliminary 
calculations. Then Section 3 is devoted to the proof of Theorem 11.11 
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2 Preliminaries 

In this section, we prove some lemmas for our main results. Let w e = idt(iS7)~ 1 u — eu 
with e G {+, — }. Then the Klein-Gordon equation can be be rewritten as a system 
of equations 



w e \ t =o = W e Q 



where L £ = idt — e(iV), Wq = i(iV) l g + ef. By the fact that 



1 , i 
u = ^( w+ — w~),dtu = —-(i'V)(w + + w~), 



we can rewrite the term F^{u) as 

£l>e2,£36{+,-} 

with some constants C £l£2£s . Denote U £ (t)(p = e~ ei ^ v ^*^ and for given T € R, 

* e \g] = f U £ (t-T){K)- l g{T)dT, 
Jt 

Lemma 2.1 Let 2 < q < ^35, -p = f(l — |). Then for any time interval I and for any 
given T £ I the following estimates are true: 

W^eMWmi,^) < \\9\\ L r,( I)H *r-iy 

W^eMhf (I,L*) < llsll^^M-i), 

and 

\\U £ (t)^\\Ll(I,Li) < \\<P\\h», 

where r > = q > = _i_ and M = 1(1 + f )(1 - §). 

The proof of Lemma 12.11 is based on the duality argument along with the L p — L q time 
decay estimates. The similar result be found in [5]. 

Lemma 2.2 Assume 2 < p < for n > 3 (2 < p < +00 for n = 2), denote by 
a = (1 + ^)(1 — -)■ The estimate is valid 

UWlp < city^-^iuWH* + 1| JM Ha -i), 

for all t G R, provided that the right-hand side is finite. 

This lemma comes from Lemma 2.1 in [5] and the fact that ||</>||lp < C||<^||ifa when p>2. 

Lemma 2.3 Assume |V^,(x)| < |x|~ 7 with < 7 < n, £\, £2, £3 G {+, — }. 

(1). For 1 < r < +00, 1 < pi 5 p 2 < +00 andp 3 > r satisfying 1 + f = ^ + ^7 + ^ + 
we have 

\\(Vy * w ei w 62 )w e ' A \\Lr < \\w Sl \\lpi \\w £2 \\lp2 \\w 63 \\lp3- 



R. Xue/ Scattering Problem for Klein-Gordon equation 



4 



(2). For p > 0, 1 < r < +oo, 1 < pjk < +oo for j,k £ {1,2} and pi3,P23 > r 

satis fyinq 1 + - = ^- + — + — + — , we have 
jy a r n ' pji ' p j2 Pj3 ' 

\\(Vy *W^W 62 )w £3 \\ H P < \\w ei \\ H P \\w e2 \\ L P 12 \\w £3 \\lpi3 + \\w £1 \\lpi2\\w 62 \\ h p^\\w £3 \\lpi3 

+||w £1 ||iP2i I|w £2 ||lp22 IIui 63 !!^ 

II 11^ II II Mfip 23 

Proof. To prove (1), put — = £ — — . By the Holder inequality and the Hardy-Littlewood- 
Sobolev inequality, we have 

\\(Vy * w £1 w £2 )w £ ' 3 \\i,r < \\Vy * w Sl w £2 \\lp4 \\w £3 \\LP3 

< \\w £l \\lpi \\w 62 \\lp2 \\w £3 \\lp3 

since 1 + ^- = ^ + ^- + ^-. 

Pi n pi 1 p 2 

To prove (2), we set - = — + — and - = — + — . For p > 0, the generalized Holder 

f \ n r P14 P13 r P24 P23 r ' to 

inequality in [6] implies 

\\(Vy * w £i w £2 )w £3 \\ h p < \\Vy * w ei w £2 \\ H p^ \\w £3 \\lpi3 + || V * w £1 w £2 \\lp24 \\w £3 \\h% 23 

By the generalized Holder inequality and the Hardy-Littlewood-Sobolev inequality, we 
have 

\\V J *w^w £2 \\ H P ii < \\Vy* (iV) p (w^w £2 )\\ L P 14 < \\{iS7) p (w^w £2 )\\ L P 15 

< IK* \\h^ u IK" \\LP12 + \\W £2 \\ H P^ \\W £1 \\ L p 12 

since 1 + ^ = I + ^ and ^ = ^ + ^. Similarly we have 

1 1 V^y * W E1 W £2 \\LP24 < \\W £1 \\lP21 \\W £2 \\LP22 . 

□ 



3 Proof of Theorem 11.11 

For 1 < 7 < min{^^, }, we choose 



n+2 ' n+2 

(n + 2)( 7 + l) 1 (n + 2)( 7 + l) = / 2/3 1 _ 7 + l x 

4n 2 P 2n ,Q \n + 2 2 n 

They satisfy 

2n 3nB 

l<P<2,2<q< — — -, 1< 7 < 

n + 2(1 — 7) n + 2 

Let = ^(1 + ^)(1 — |), we also have 

M + /3-2<0,Af</3-l,and 0< / y<^. 



Let r,p and s be chosen as 



2 n, 2, 2 7 2 2 2 

- = - 1-- ),- + I = 2-- - = 1--. 
r 2 q p n q s r 
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The proof of Theorem \l.lV l). Introduce the function space 

X = {v = (v + ,v~) € C(R; (L 2 (R n )) 2 ); \\v\\ x < +00} 

with the norm 



\\ V \\X = \\v\\l™(R,hP) + FIIl^K,^-") + \\°t V \\L?>{R,HP-l) + \\"tV\\Ll(R,L<i) 

+\\ Pv \\l°°(r,hp-i) + \\Pv\\li(R,li) + \\M\l?>(R,bp- 1 )- 

Denote by X p a ball of a radius p > with a center in the origin in the space X. Let us 
consider the linearized version of (12.11) 



(3.1) 



L £ w £ = (iV)^ 1 F 7 (v) 
w £ \ t =o = wf> 



with a given vecter v = (v + , v ) G X p , where 

F 1 {v)= C £ie2£s (V 7 *W)v^ 

£l,£2,£3e{ + ,-} 

with some given constants C £l£2£3 . The integration of the linearized Cauchy problem (|3.1 
with respect to time yields 



w 



U £ (t)wl+ C £l£2£ ^ £ ({V^v^v^ 



,£3 ^ 



(3.2) 



Taking the Lf(R;H^) -norm of (|3.2p . applying the Holder inequality, Lemma 12.11 and 
Lemma 12.31 we find 



l^llif {R;HP) < 



< 

< 

< 
< 



l?(r ;H ^^) 



\Ue(t)wl\\ Lr{R . HP) +C Y \\^e((V^*V^V 

ei i £2,£3e{+,-} 

£i,£2,£3G{+,-} 

ko||^+C £ 

ei,£2,£3e{ + ,-} 
\Wq\\ hP + C\\V\\ L r^ R . H 0-^ \\v\\ls t{R . LP) 

\™a\\H?> + C P\Hl°(R;LP) 



£2 ^)\\l T{ R;HP) 



V £1 \\ h P+v-A\ v£2 \\lp\\v £Z \\lp 



Ll'(R) 



(3.3) 



since p>2>q', q>2>q', /i<|and2-| = ^ + |. Similarly, taking the ff^ M ) 



we obtain 



ei,£2,£3e{ + ,-} 

< lkoll^+c E 11(^7* W 2 )^ 3 !!^^.^- 1 ) 

£l,£2,£3G{+,-} 

< imil^ +C||f|l L; ' (i?; ^+"- 1 )ll t; lli?(i?;^) 

< IKIIh/j +Cp|kll! |( ^ P ) (3.4) 



R. Xue/ 'Scattering Problem for Klein-Gordon equation 



6 



since p < ^, p > 2 > q', q > 2 > q' and 2 — | = ^ + |. Applying the operator to (|3.ip 
we deduce that dtw £ satisfies the following system 

L £ d tW £ = (ivy^tF^v) 

d t w £ \ t=0 = -ie(iV)w £ - ^iVr 1 ^)^ 
with 

F 7 (v)= Yl C £1£2£3 (^7*^ £2 K 3 - 

£l,£2,£3G{+,-} 

Then by integrating with respect to time, 

d tW £ = u £ (t)(d tW £ \ t=0 ) + y £ (d t F^(v)). 

Taking the Lf^H^ 1 )-norm and L r t (R, L 9 )-norm, applying the Holder inequality and 
Lemma 12.11 we find that, since /3>1, (i</3 — 1 and p, + /3 — 2 < 0, 

ll^^ £ HL-(fl;H/9-i) + l|d^ e || L r {fl;Lg) 

< ||5 t 1f £ | t= o||///3-l + [|5 t F 7 (u)|| Lr / ffl H M+/3-2) 

t \ "> qf l 

< \\d t w £ \ t=0 \\ H p-i 

£l,£2,£3e{+,-} 

< \\d t w £ \t=o\\ H p-i + C\\d t v\\ L r iRiLq) \\v\\ 2 L s (R ^ P) 

< ||^t«^|t=o||ir/j-i +Cp\\v\\l t(RtLP) 

On the other hand, we have 

\\dtw £ \t=o\\ H P^ < W^Whp + \\ f i( v )\\l^(r,h^), 
and for pi > 2 satisfying | = ^ + ^- , 

ll^ 7 («)IUr(^- a ) ^ c E ll(n*W 2 K 3 )IU?w 2 ) 

£l,£2,£36{+,-} 
< Clklll^^LPi) ^ ^\\ V \\l^(R;H0) — CP 3 

since /3 < 2,7 < 3/3 and < C||v||#/3. Then 

\\dtW e \\ Lr{R . H P-i) + \\d t w £ \\ L r {R . Lq) < C[|«;o||^ + Cp 3 + Cp||v||l ?(fliLP) . (3.5) 
Notice that P = ty +#9t, = (iV)x + iety an d = ify. ~ s(iV). We get 
J £ = ieP - eL £ , [L £ , P] = -ie(iV)" 1 y ^ 

[x, (iv)] = (iV)-V, (^v)- 1 ] = (iV)- 3 v $ 

and 

P((V 7 *^ £2 )?j«) = (V~ ( *v^v £2 )P(v £ ' i ) + (tW 7 *FTv e2 )u e3 . 
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Applying the operator P to (|3.ip yields 

L e Pw £ = i£(iV)~ 2 VF 7 (v) - (iV) _1 PF 7 (u) - (iV)" 3 V^F 7 (u) 
Pw £ \ t =o = xd t w £ \ t =o = x(-ie(i\7)wf j - {{iV}^ 1 F~ ( (v)\ t =o) 

with 

PF 7 {y) = Yl C eiz2£ S (V>y *v £T v £2 )Pv £3 + (tW 7 *Wv £2 )v £a . 

£l,S2,£3e{+,-} 

Integrating with respect to time, we get 

Pw £ = C/ e (t)(Pu; £ | t= o)-^(ie(iV)" 1 VF 7 («)) + ^(PF 7 («))+^ £ ((iV)" 2 VftF 7 ( U )). (3.6) 

Taking the L™(R; iP 3 " 1 )-norm and the L^(R, L 9 )-norm of (|3.6p . applying the Holder in- 
equality and Lemma |2. 11 we find 

II^ £ Hl-(H;^-1) + \\ P W 6 \\ L l(R,Li) 

< iip w £ | t= oii^-i + ii^vr'vpj^^ 

+\\PF 1 { v )\\ Lr , {R]Lql) + \\{^y 2 vd t F 1 (v)\\ Lr , {R . Lql) 

< \\Pw £ \ t=0 \\ H ^l + \\F 7 {v)\\ L r /{RtLql) 

+ \\PF 1 {v)\\ Lr , {R . Lq , ) + \\d t F^v)\\ L r> {R . Lq>) (3.7) 



since /3 > 1 and + /3 — 2 < and // < /3 — 1 . As in the proof of (|3.5p we deduce 

< C r ll«llLf(fl,L«)||u||ij(fl,£p) + C||atw|| L?(fliL ,)||u|||. (i j iLP) <Cp||«|||j (BiLP) . (3.8) 
Let P3 > 2 and S3 > 2 satisfy 

3 1 _ 7 + I 2 1 _ 2 
2 g n p 3 ' r s 3 ' 

The Holder inequality and Lemma 12.31 imply 

II PF t( U )IIl ? '(.R;W') 
£l,£2,£3e{ + ,-} 

< ^ll^lli f (^)+^P 1/2 HI^3 (fiiiP3 )' ( 3 - 9 ) 
here we use the condition ||W 7 || < C|x|~ (7+1) . By LemmaO we have 

\\V\\ M (R, LP ) < CUt)-^ 1 -^ (\\v\\ Ha + \\Jv\\ Ha ^)\\ Lm 

< c (\\ v \\l?(r,hP) + \\M\l?'(r,hp--l)) < C P ( 3 - 10 ) 
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since a = (1 + §)(1 - §) < /3 and §(1 - |) > ±. Similarly, 

ll* 1/2 Hl i? 3 (i j iL P3) < C\\(t)^ {1 -^ (\\v\\ H « 3 + \\Jv\\ Haa -i) \\ L?{R) 

< C (\\v\\ Lr{RtH ^ + 11^11x00(^-1)) < Cp, (3.11) 

since a 3 = (1 + § )(1 - ^) < /3 and |(1 - ^) > i Then we obtain, from (pT^ - tpm!) . 

ll^l^OR;^" 1 ) + II^IIl^m) < ||^ £ |t=o||^-i + Cp 3 , (3.12) 

IKIIl^(ii;tf/3) + \\ w£ \\ L r(R;HP-») ^ +C/3 3 , (3.13) 

\\dtw e \\ Lr{R . H() -i ) + \\d t w £ \\ L r {R . Lq) < \\w e \\ Hf) + Cp 3 , (3.14) 

To estimate the term ||-Pw/|t=o||iy,3-i, we give some estimates. It follows from the 
Sobolev embedding theorem that 

llWIUrw 2 ) < c E IK^y * W2 K 3 lkr(^ 2 ) 

El, £2, £»£{ + ,-} 

^ ll U lll°°(K,LP5) < C|l' y II Z°° (#,#£) - (3.15) 

where = 3w 6 _^ 2 ^ , which satisfies p§ < because of 7 < 3/3. Using the relation 

x = {iV)~ 1 J e — iet{iV)~ 1 V we deduce 

\\xF 7 (v)\\ Lr{RiL2) <C Y, 11(^7 *^ a )(^ 3 )IUr(*^) 

£1,£2,£3G{+,-} 

< C ||lb ei ll^||||^ 2 ||LP4 (|| (^V)- 1 ^ 3 ) ||^4 +t\\(iV)- 1 Vv £ *)\\ LP ^ 

ei,£2,S3&{ + ,-} 

< cibll!-(j?,LP4)IK*v) _1 Ju|| L oo (i?iLP4) + c\\t ll3 v\\ 3 LT{R ^ LPi) 

< C\\v\\ 2 L oo( RtH ^\\ 11x00(^/3-1) + C ^\\v\\ L oo^ H ^ + ||^||ioo (J j ;iJ -^-l)) 

< C^p+WJvW^^H^Y <Cp 3 , (3.16) 

where P4 = 3w 6 T' 27 > wri ich satisfies 

2n 2 x 1, n w 2 x 

2 < P 4 < ^, - 1 -->-,! + - 1 - - < P 

n — 2p 2 P4 3 2 £>4 

because of 1 < 7 < |^§. Using the relation [(iVf" 1 ^] = -(/?- 1)(«V) /3_3 V we deduce 
\\Pw £ \ t= o\\ H p-i < \\x(iV)u%\\ H 0-i + IMiVp 1 ^^)!!^^^-!) 

< lk(^v)^||^-i + IKiV)- 1 ^^)!!^^^-!) + 11 {wy^F^w^^H^ 

< \\(Wf-\(W)wl\\ L 2 + C\\xF y (v)\\ Lr(R>L2) + 

< \\(x){iVfw £ \\ L 2 +Cp 3 + C[p+ || JvW^^h^Y 

< Hwoll^.i + Cp 3 , 
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which, combining with (|3.12p . yields 

ll-P^lkf (R;HP-i) + \\ p w £ \\ L r {RtLq) < \\w \\ H p,i + Cp 3 . (3.17) 

Notice that 

[L e ,x] = -eiiVyW, [x^iV)- 1 } = -(^V)- 3 V. 
Then we deduce that xw £ satisfies 

L £ (xw £ ) = -e(iV) _1 Vu' e - {iV}' 1 (xF y (v)) + {iV)~ l VF^{v). 

Using J £ = ieP — eL £ x and (|3.13p yields 

\\JeW £ \\ L ^^ R)H 0-i) < ||-P-w e ||L t °o(R,H/3-i) + \\ L e{xw £ )\\ L oo^ H p-i ) , 



with 



\L £ (xw £ )\\, x , /, j , 



< W\\ L f>{R y H^) + WV)~ 2F l( v )\\L?>(R,HP-i) + \\( i ^)~ 1 ( xF 7( v ))\\L-°(R,H^) 

w£ \\l?{r,h?) + \\ F 7(v)\\l™(r,l2) + I|z-F 7 (v)IIl 4 °<w 2 ) - ^IMIff" + °P 3 - 



< 



Then we get 

|| J £ w £ \\ L °o( RjH 0-t) < c \\w \\ H i3,i +Cp 3 . (3.18) 
A combination of (j3~T2|) with (^T3l) . (f3Tll) . (f3T71) and (^T8l) yields 



HU < C\\wo\\ H p.i +Cp 6 . (3.19) 

Therefore the map M : w = M(v) defined by the problem (|3.ip . transforms a ball X p with 
a small radius p = C||u>°||^/3,i into itself. Denote w = M(v), then in the same way as in 
the proof of (|3.19p we have 



\\M(v) - M(v)\\ x < Cp 2 \\v-v\ 



x ■ 



Thus M is a contraction mapping in X p and so there exists a unique solution w = M(w) 
of (|3.ip if the norm ||w°||#/3,i is small enough. 

To prove the asymptotic of the solution w(t,x), we use the equation, for \t\ > \t'\, 

U £ (-t)w £ (t) - U £ (-t')w £ (t') = [* U e (-T){f7)-%(w(T))dT. 



Taking the -norm of this equation, using the similar proof of (|3.3|) and (|3.4|) . we deduce 

\\U £ (-t)w £ (t) - U £ {-t')w £ {t')\\ H , < Cp 2 (t')- 5 
with 5 = — 2 > 0, since we have \\w\\x < p and 

?(i-s)||2 . . <r n/+>\S 



^>\\l mt]) <c(ty 

Then there uniquely exist finial states u>± G H 13 satisfying, for ±t large enough, 

\\ w £ (t) - u £ (t) w £ ± \\ H p < c P 2 {ty s . 
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Set u(t) = ^(w + (t) - W(t)), f±(x) = - wg), g±(x) = -§(iV)(i4 + wg) and 

u±(t) = h(U+(t)w± — U-(t)w±). Then u(t) and u±(t) satisfy Theorem 11.1( 1). 

Proof of Theorem \ l.lV 2). For given (/_,$_) £ X' 3 ' 1 and u = {?; + ,v~) G X p , we 
consider the linearized version of the final state problem of (|3.ip 

r L e u^ = -(iv)- 1 if 7 («) 

\ \\U E (t)w e — w e _{x)\\ H p ->■ asi — > oo 

with wi(x) = g-{x) — ef—(x) £ H^' 1 . The integration with respective to time 

yields 

w £ (£) = ?7 e (t)u;i + A £/ e (t - r)(iV) _1 F 7 (u(r))dr. 

J — oo 

In the same way as in the proof of Theorem 11.1( 1). we find that, if < p 

small, there uniquely exists a global solution w £ (t) 6 C(i?, ff") and a final state w+ € .H"^ 
such that, as t — > +oo, 

||w e (i) -U £ (t)w%\\ H , < C(t)- S 

with 5 = g§ - 2 > 0. Set u(t) = \{w + {t) - w-(t)), U(x) = ±(w+ - w+), g+{x) = 
— |(?'V)(t//£ + w+) and u + (t) = ^(U+(t)w+ — U-(t)w+). Then u(t) and u+(t) satisfy 
Theorem 0(2). 
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